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Stabilization of a two-wheeled vehicle

Abstract— This paper describes the beginning of a project : the control of a two-wheeled vehicle called B2. The two wheels are on the same axle and the center of mass is above this axle, so the vehicle behaves like an inverted pendulum. In this work, an initial model of the B2 is presented. A control law approach, named PDC (Parallel Distributed Compensation) [1], is investigated for this sort of inverted pendulum. This control law uses a fuzzy model  and is a way of stabilizing the cabin angle and controlling the vehicle’s speed.
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I. Introduction

The aim of this work is to study a new concept in vehicle design. A two wheeled vehicle poses several problems. As this type of vehicle is of the « inverted pendulum » type, the control law will have to bring it back to a point of equilibrium different from 0°. The passengers of the vehicle will represent a considerable part of the global mass (between 60% and 100%) and are considered as an unmodeled dynamic. Finally, we have to control the displacement along a trajectory, and the fact that the vehicle’s inclination depends on the wheels’ acceleration and so introduces a constraint on the speed. Note also that any jerking must be minimal in order to keep the vehicle comfortable. The vehicle B2 has to be able to reach a fixed destination so that, like ordinary cars, it is nonholonomic. The first part of the paper deals with the way of modeling the B2, and then, with a fuzzy Takagi-Sugeno (TS) model [2]. In the second part these models were used to calculate a control law, an estimator and some results are given.  Another work about the B2 has been done by Michael Baloh [3].

II. Dynamic model of the B2

A. Lagrangian Equations and  knowledge model

The physical modelling is obtained by Euler-Lagrange equations [4] applied to the system. Figure (1) describes the simplified vehicle and figure (2) the notations used in this paper. The model is based on the work of Ha and Yuta, [5], considering that the occupants mass moves the center of gravity (Cg) of the vehicle. Some components like wheel friction don’t appear, for the moment, in this model, in order to focus on the dynamic equilibrium.

The kinetic energy is written as :
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and the potential energy as:
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with the following expressions :
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The dynamic equations are derived from:
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where the Lagrangian is defined by L = T – U and the vector of coordinates is ( = ((,(), with ( = ( - (.

The vector  ( = ((t(u , 0)T represents the inputs of the system.
The result of the calculation from the dynamic equations is given as follows : 
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Figure 1: A simplified description of the B2

	Symbol
	Description
	Value 

	Jb
	Rotational inertia of the body (Kg/m2)
	52.93

	Jw
	Rotational inertia of the wheel (Kg/m2)
	0.78

	Jm
	Rotational inertia of the motor axis (Kg/m2)
	10.68*1E-4

	Mb 
	Mass of the body of the vehicle (Kg)
	233

	Mw
	Mass of the wheel (Kg)
	25

	L
	Length between the wheel axle and the center of gravity  (m)
	1.09

	r
	Radius of the wheel (m)
	0.25

	(
	Reduction ratio of gears
	20

	(t
	Torque constant of the motor (Nm/A)
	150

	g
	Gravity constant
	9.81

	(
	Angle between the center of gravity and the vertical axle (rad)
	

	(
	Inclination angle of the body (rad)
	

	(
	Wheel’s rotation angle (rad)
	

	u
	Motor’s input current (A)
	


Figure 2 : Notations

A way to deal with this non linear model is to derive a Takagi Sugeno fuzzy model [2]. Using such a model allows the use of standard tools to obtain a global control law, i.e. state feedback and non linear observer.

B. A TS Fuzzy Model

The TS fuzzy model represents exactly many nonlinear models on a limited interval of the state variables [6]. One of the main interests of this representation is that it allows systematic methods to design control laws [7]. Nevertheless, the conditions of stabilization are only sufficient ones and the more the rules of the model are numerous, the more the results are conservative. This number of rules gets higher by 2n if n is the number of nonlinearities [6].

Let us recall the TS fuzzy models used in this paper [2] :

With r the number of rules,
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with
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In the paper, the fuzzy model is supposed to be locally controllable (
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The fuzzy model of the B2 is based on the following equations (which are obtained from the equations (6)

. 
(5)

 and 
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and, in both equations,
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To derive the TS model, we choose 
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 where the positions are measurable.

The model that is described by the equations (9)

 contains nonlinear terms. In order to obtain a minimal number of rules, we have to split the following nonlinearities :
(8)

 and 
- concerning the measured state variable 
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- concerning the non measured state variable
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Each of the nonlinearities is split by using two membership functions [6,7]. The model will be described by 
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= 16 rules. Some useful remarks concerning the nonlinear terms allow to obtain a reduced number of rules with a very good compromise between this number and the validity of the model [6,8].

1. Firstly : Looking at 
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The property used with the membership functions is written as : with 
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This allows to eliminate the transformation on the term 
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2. Secondly :  on an interval of the angle 
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Using the same transformation on the term 
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3. Thirdly : the control laws used are state feedback laws with an observer to estimate the non measured state variables, i.e. the speeds. A fuzzy observer is used, it shares the same premises as the fuzzy model [7,9]. The control law design can be separated from the observer design only if the premises variables are measurable [9], i.e., if the nonlinearities used in the premises concern only measurable variables. A way to deal with that remark is to eliminate the term 
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The complete fuzzy model is as :

Rule i, 
[image: image68.wmf]{

}

1,2

i

Î

 : If 
[image: image69.wmf](

)

t

y

 is 
[image: image70.wmf]1

i

F

 then 
[image: image71.wmf](

)

(

)

(

)

(

)

(

)

ii

i

xtAxtBut

ytCxt

=+

ì

ï

í

=

ï

î

&




         MACROBUTTON MTPlaceRef \* MERGEFORMAT (10)


[image: image72.wmf](

)

(

)

ii

AxtBut

+

 is called a «sub-model ». Each rule i is associated to a weight depending on the matching of the state variable to the membership function.

The two sub-models  are described respectively by the matrices 
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Or in a more compact form :


[image: image86.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

2

1

2

1

iii

i

ii

i

xthztAxtBut

ythztCxt

=

=

=+

=

å

å

&


         MACROBUTTON MTPlaceRef \* MERGEFORMAT (11)

In the following, the fuzzy model, equation (8)

 and (9) that is used for the simulations.
(11)

 is used to design the PDC control law and the fuzzy observer. Notice that, of course, it is the nonlinear model equations 
III. PDC fuzzy controler – quadratic stabilization, and fuzzy observer

A. PDC fuzzy controller – quadratic stabilization

This approach is based on the second method of Lyapunov, and gives sufficient stability conditions. These conditions are conservative as they don’t take into account the premises part, i.e. only the conclusion part of the rules is used.

Notice also that this preliminary work uses the classical results of quadratic stabilization. Other works are also available allowing the use of relaxed stabilization conditions [10], or non quadratic Lyapunov functions [11,12,13], and also other control laws [13] allowing to outperform the quadratic stabilization ones.

For a PDC control law, each control rule 
[image: image87.wmf]i

R

 is obtained according to the fuzzy model. So, the fuzzy controller shares the same fuzzy sets as the fuzzy model and the same weights 
[image: image88.wmf](

)

(

)

i

wzt

. For continuous models, the PDC fuzzy controller is written as [1] :

Fuzzy controller rule
[image: image89.wmf] 1, 2, ,r

i

=

L

 :


[image: image90.wmf](

)

(

)

(

)

(

)

11p

If i and and  is  

then 

ii

p

i

ztsFztF

utFxt

=-

L


or :

[image: image91.wmf](

)

(

)

(

)

(

)

1

r

ii

i

uthztFxt

=

=-

å



 MACROBUTTON MTPlaceRef \* MERGEFORMAT (12)

 



                    

The synthesis of the controller consists in finding the feedback gains of the conclusion parts 
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and one can see that all the sub-models 
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The expression of the PDC control law for the B2 is written as :
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The fuzzy controller is found by resolving a LMI problem [7]. In our case, an important parameter is 
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Figure 3 gives a result for the PDC control law with 
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figure 3 : PDC control law.

B. Fuzzy observer

However, as some of the states of the system are to be estimated, a fuzzy observer is derived to reconstruct these states.

Observers can be divided into two families [7], the first one uses only measurable variables for the premises, in this case for PDC control laws a separation principle is available [9]. The second one can use observed variables and lead to complex global loop fuzzy models. We are interested only in the first family, i.e. measured variables, of fuzzy observers, defined as [7] [9] :
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A fuzzy observer shares the same fuzzy sets as the fuzzy model and keeps the same weights 
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. The final output of the observer is given by :
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with 
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, for all t.

where Ki represent the gain matrices of the fuzzy observer.
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 are respectively the final output of the fuzzy model and the final output of the fuzzy observer.

Nevertheless, in the case of all the premises variables are measurable [9], we can replace 
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.

For this B2 vehicle, the fuzzy model uses measurable premises variable 
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, so the separation principle is available.

In order to adjust the convergence dynamic of the state observer errors on the speeds 
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, the methodology used propose to combine a LMI approach and a quadratic synthesis. This allows to take into account performance criteria. The observer is then fixed after several trials paying a careful attention to the dynamic of the non measured variables.

The results for the B2 vehicle are:
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An example of result is shown figure 4, with 
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figure 4 : results for a PDC law with a fuzzy observer

Nevertheless, as long as a passenger in the vehicle moves, the center of gravity of the vehicle is no longer verifying 
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. Then, the control law must try to reach the natural equilibrium point of the system (
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).  Figure 5 illustrates the behavior of B2 according to the effect of different imbalance angles at startup.
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figure 5 : Simulations illustrate the effect of different imbalance angles at startup. In this plot dashdot, solid and dashed curves correspond to 
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IV. Conclusion

This paper has proposed a preliminary work on a two wheeled vehicle named B2. A simplified non linear model has been derived. To deal with its stabilization, a non linear feedback law based on a Takagi Sugeno fuzzy model has been proposed. To estimate the non measured state variables, an observer based on this model has been also derived. The first results obtained allow to show the effectiveness of the approach.

We have now to improve this control law, by using constraints on the inputs/outputs, on some robustness and/or performance aspects.

At last, a discrete version of these algorithms are to be derived in order to test them on a real prototype under construction.
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