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Abstract

This paper presents a brief summary of the first stage
of control work for an intelligent two wheeled road vehi-
cle called the B2. Originally conceived within the Cyber-
Cars Project, the intended goal of the B2 is to provide an
on-demand, fully automatic taxi service in an urban en-
vironment. The B2, like the Segway, is principally a self
balancing machine whose wheels share a common axis.
However, the control objective are different since the in-
tended use of the two vehicles are unalike; The Segway lon-
gitudinal acceleration and thus velocity are controlled by
the torque disturbance of the driver. Thus, when a driver
leans forward, the Segway accelerates forward to prevent
the passenger from falling. This is the typical response of
an inverted pendulum. In contrast, the B2 trajectory must
be entirely controlled by the steering computer. Thus, the
passenger motion is a disturbance to be rejected. Further-
more, the B2 is meant as an alternative road vehicle, not
intended for the sidewalk. This article outlines the work to
understand the fundamental problems of engineering the
B2. In particular, we create a mathematical model of the
vehicle dynamics and use open loop and closed loop exper-
iments for verification purposes.

1 Introduction

In this paper, we study a very fundamental question
about vehicle technology. Specifically, are there alternative
approached to the basic automobile platform? Consider
that with almost no exception, all modern vehicles are four
wheeled boxes. Perhaps this was the only practical geom-
etry until recently, however, with recent advances in con-
trol theory and electronics, it has become possible to con-
sider radical alternatives. For instance a two wheeled self-
balancing vehicle. Although radical, this idea is not en-
tirely new. As early as 1912, balancing passenger vehicles
where in existence [13] which were made stable by mas-
sive gyroscopes. More recently, Yuta [9, 12] has devoted

much work to the problem of two wheeled robots to im-
prove maneuverability and reduce size. Our own motiva-

Figure 1: The B2 as envisioned for public service. The
vehicle is equipped with two seats and a computer. The
screen allows the user to easily and in an interactive way,
enter desired destination and monitor transit status.

tion for developing a two wheeled vehicle is an outgrowth
of the European project called CyberCars [15, 18]. The
goal of this project is to improve urban living by reducing
pollution and congestion associated with the transportation
needs of a modern society. Recent studies of shown that the
automobile can extremely competitive with all other form
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of public transportation for energy efficiency [4]. To take
advantage of this observation while reducing the pollution
and congestion associated with automobiles is the princi-
ple target of our work. The majority of our vehicles for the
pilot program [16] are of the conventional type. However,
the initial cost, size, and maintenance problems are prob-
lematic. The impetuous to design a two wheeled road vehi-
cle follows from this experience. The sum of the opposing
wheel speed dictates longitudinal speed while differential
wheel speed gives direction. Thus, the weight, complexity,
and cost of steering mechanisms disappear. In addition, the
B2 can rotate on itself, thus making it highly maneuverable
in European city centers (of which several are limiting or
entirely restricting access to cars). Finally, the total size of
the B2 is such that 10 can fit into the space of one ordi-
nary car. Thus, the two wheeled vehicle concept is highly
compatible with our main intentions. Figure (1) shows an
image of our concept of a two wheeled road vehicle.

The nature of this two wheeled vehicle poses several
interesting controls questions. For instance, while a per-
son occupies the vehicle, their movements change the ve-
hicle center-of-gravity. Consequently, if the standard in-
verted pendulum control were to be applied the control al-
gorithm would be obliged to maintain a steady acceleration
to achieve the control objective [14, 2, 3] This appears to be
the principle means of controlling the Segway. However, as
already stated, this is not compatible with our final objec-
tives. As such, a control algorithm must be found which
seeks the natural equilibrium point of the system, thus re-
jecting passenger motion so that speed can be automated.

Judging by the model, the balance problem of the B2
appears to be a linear one since the pitch of the vehicle
is restricted to be < 15° and inertial damping limits the
pendulum body (up to 12kg — m?) rotations. Both facts
which mitigate nonlinearities common to inverted pendu-
lums [17, 8]. However, the mass and placement of the oc-
cupants will normally be unknown so any control applied
should address uncertainty explicitly.

On the other hand, the occupants aren’t simply para-
metric uncertainty, instead they represent both unmodeled
dynamics and disturbance. In part they react to the behav-
ior of B2; when it stops suddenly they move forward. Si-
multaneously, they are true disturbance which may at any
time perform an action which impacts B2 dynamics. Con-
sequently, it will be seen that the balance command of the
B2 falls into the category of robust linear controls such as
u-synthesis [6, 19]. lronically, to make good use of robust
control and achieve good results, one is obliged to char-
acterize the uncertainty of the plant. Often this requires a
detailed experimental study to identify the plant.

Hence, this article deals with modeling and identifica-
tion of the vehicle. First, we briefly outline a 3D mathe-

matical model of the B2 which was developed. Second, we
conduct an open-loop experiments of the stable unloaded
vehicle whose center-of-mass below the wheel axle. This
has the advantage of giving us detailed model information
before introducing unknown moments due to passengers.
Later works will build on these results by implementing a
preliminary LQR and conducting closed-loop experiments
to accurately characterize machine dynamics.

2 Dynamic Model of the B2

The dynamic model of the B2 is now presented. The ba-
sis of the model is a 3D vehicle carrying a rigid mass load
as illustrated in Figure (2). Several simplifying assump-
tion are made which are important. First, a no-slip con-
dition is placed on the wheels (Al). Second, the vehicle
body composed of chassis and persons are assumed to be
a single rigid body (A2). Third, the vehicle is assumed to
operate on a relatively flat surface so that rolling motion is
not possible (A3). The first assumption provides the nec-
essary conditions for a kinematic model which connects
wheel motion to inertial forces which act on the inverted
body (the principle mechanism of pendulum stabilization).
The second assumption will be justified or modified based
on observations. The third assumption is justified restrict-
ing the vehicle to 20% grades (about 11°). Still, it may be
worth further consideration in the future since turning the
vehicle on an incline causes the pendulum to experience a
rolling motion.

2.1 Lagrangian Equationsand nonlinear model

Model development is straightforward and calculated by
the Lagrangian Method [5]. Working from left diagram of
Figure (2) we write the coordinates for the point interme-
diary between the two wheels of B2

R

S E(élw + érw)Sin(¢)
y = —g(élw + érw)005(¢)
(,Z-S = %(élw - éTw)

Where the subscript notation is described in Figure (2).
Note that if we define ¢(¢t = 0) = 0 then we have as a di-
rect constraint on rotation ¢ = (R/W) (01 — 6rw). Given
the center position of the vehicle in the zy-plane the wheels
positions are given as

Ty = T — 7608((25) Ty = T + %cos(gb)

w .
Yrw =Y + _Sln(d))

W
Yiw = Y — = 510(Q) 5

2
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Figure 2: lllustrations of the kinematic (left) and dynamic (right) models for the B2 operating on a plane with a effective
pendulum height of z;,. The pendulum body swings about the -axis and the entire vehicle can rotate in xy-plane about
the ¢-axis. There are three dimensions of significance: L, R, and W which are the effective the pendulum length, wheel
radius, and wheel base. Masses are designated by A/ and moments as J. Subscripts are b1, bg, correspond to body moment
about ¢ and ¢ axes. Subscripts [w and rw indicate either left or right wheel moment or masses. Several assumptions have
been made. First, that the vehicle operates only on a flat surface. Second, that the rotation of the wheels is proportional to
longitudinal speed (no-slip). Third, that the passengers and body of the vehicle behave as a rigid body with center-of-mass

(CM). Occupant movement can be modeled as a torque disturbance along the ¢ axis.

and the body position (C'M)

xy, = x4 Lsin(¢)sin(vy)
Yo = y— Lcos(¢)sin(y))
zy = R+ Leos(y)

Where L is the distance of the center-of-mass from the
wheel axle as illustrated in Figure (2). Given the kinemat-
ics of the vehicle components, it is is a straightforward pro-
cess to write the energy expression for the complete plant

1 . . . .
L:T*—V:5(\I/TJ\I/+XTMX)—M(9-X)

Where ¥ and X are translational and rotational coordinates
defined as

U= (1/17 (ba olwa grwa 77(9lw - 1/J)7 77(97“10 - w)T
and
X = (:Clwv Ylws Trws Yrws Thy Yo, Zb)T

The matrices J and M are the moments and masses of the
vehicle. In our case, they are simply diagonal matrices
given as

J= diag(wa, Jb¢7 Jwv J’wa Jma Jm)

and
M = diag(Mun Mw7 Mw; Mwa Mb; Mb7 Mb)

Examination of the variable £ shows that there are three
independent variables, which we use to define the general-
ized coordinate vector ¢ = (64, 0, ¥). The equations of
motion can then be derived from the Lagrangian equations

d (oL 0L _ .
= (aq) g 5 17123 1)

Here =; are generalized forces acting parallel to each inde-
pendent coordinate. These are used to describe external or
internal, conservative or nonconservative forces necessary
to express the model [5]. Since the variations dg; are inde-
pendent, the generalized forces f; can be calculated from
the equations

[1]

N
= 1 %RJ i=1,2,3

=1 qi
This calculation is necessary to generate correct forcing
functions for the motor torque as well as damping matrices
due to gearbox and tire friction. Evaluating Egs. (1) we
derive the following dynamic equations which we place in
the form

H(q)j§+ C(q,4)d + G(g) = Qu )
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The mass matrix is found to be

ho hi hso —he he hy
H(g)=ha | hi ho ho |+ | he —he hy
ha ha hs Iy hy 0

with coefficients h, = 1/(4W?), hy = LRMycos(¢)/2,
and h, = L?R%2Mycos(2v)/(2W?) and elements defined
as

ho = (AMW? + 4y + (20> + W?) M) R? +
AW (T + Ju)

hy = —4W?%n2J,

hi = (My(W?—2L?) — 4Jyy) R?

hy = AW2(M,L? + Jyy + 20°Jm)

The nonlinear damping matrix is a comprised of gyro-
scopic and damping

Clq,q) =
W2sec(y) |
' ! - W24LR(¢)
sec
Cq . —1. ' 1 _ ——Ir
(erw_elw) (el’w_grw) 0

29 2 i
/ng,lw + Bt 0 _5gb,lw 1

+ 0 ﬁgb,rw + ﬁt _ﬁgb,rw
_ﬂgb,lw _ﬁgb,'rw 6gb,lw + ﬂgb,rw |

where ¢, = m”ﬂ;ﬂ The terms labeled 3 repre-
sent plant friction. Due significant causes are the gearboxes
and tires which are indicated by subscripts ¢gb and ¢t. The
principle cause of instability of the pendulum is because of
the negative nonlinear stiffness nonlinear stiffness due to
gravity

G(q) = (0,0, —gLMpsin(y))"

Finally, motors at each wheel can apply torque which pro-
vides a means of controlling vehicle speed and pendulum
attitude

Kamp,lw 0 U
Qu = TIKmotha 0 Kamp,rw { e }

_Kamp,lw —Bamp,rl trw
Here K, represents the amplifier which is modeled as
a simple gain because they have bandwidth greater then
1kHz. While K,,,; and K4 are the motor torque constant
and AD converter gain respectively.

The crucial state for this control problem is CM atti-
tude +. This is the angle subtended by the gravity vector
and the vector connecting the wheel axis and CM. There is
no simple way to measure it directly. For example, mea-
suring the distance from the ground to the bottom of the

body would not be useful since this value is independent of
the CM. (the terrain may not be flat). Another alternative
would be to use an accelerometer as a tilt sensor. However
the measurement is a complicated function of the body tilt,
vehicle motion, and sensor position. Instead the B2 uses
a gyroscope with gain K., to measure the tilting rate of
the CM 4. As a measurement sensor, gyroscope are largely
independent of vehicle accelerations and entirely indepen-
dent of sensor position. On the other hand, A notable dis-
advantage of the sensor is susceptibility to very low fre-
quency noise in the form of temperature drift. Even so,
the frequency range of the drift is on the order of minutes,
whereas the response of the body dynamics in the range of
fractions of seconds. Therefore, an effective technique is to
apply a very low frequency high pass filter to the gyroscope
output.

Vehicle speed is estimated by encoders K., attached
to each motor rotor (thus further amplified by the gearbox
ratio n) and anchored to the vehicle body. Since both the
stator and rotor of the encoder are subject to rotation, the
encoder registers the value 6 — «» and not simply the wheel
speed.

Rotation about the ¢ can be accessed by measuring the
difference of the wheel encoders (valid by the no-slip as-
sumption Al). However, this would be inherently noisy.
In addition, although great precision is not needed for con-
trol of the vehicle, it is desirable to have good odemetric
estimates. This goal can be achieved by use of gyroscopes
in conjunction with encoders as described by Borenstein
[11, 10]. Consequently, a second gyroscope is mounted
along the ¢-axis. So that the measurement is consistent
with the model, it is written as K gy, 22 (010 — Or).

Thus, the B2 has the following partial state measure-
ment capabilities

Yy = (nKenc(elw - 1/1), nKenc(arw - 1/1)7

Kgyrou}a Kgyro% (elw - 97*w))T

Finally, some elaboration in the definitions of M, L,
Jyy, and Jy, is necessary. Each of these values depends on
the number of passengers N, and their mass M,,. For our
work, we compute the mass and pendulum length parame-
ters by the formula

NpMpr + Mo Lo
Ny M, 4+ My

My = Myg + NpMp and L =

Here L, and Ly, are the distances from the passenger and
unloaded vehicle center-of-masses to the wheel axle. The
unloaded mass of the vehicle is assigned the constant Mpg.
The moments J,,, and Jy, also depend on the passengers

Jop = Joop +Jp aNd Ty = Jpog + Jp
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where are passenger moments are found by standard ap-
proximations of rigid bodies [5]
N, M,

Tpy = TpHg + NpM,L2 and Jpy ~

NPMP
12

2
WP

where H,, and W, are seated height and width of passen-
gers. Although not addressed in this paper, it should be
evident that from these equations that closed-loop perfor-
mance is dependent on how well these uncertainties can be
accounted for in the control design.

3 Open-Loop Model Identification and vali-
dation

As commented in the introduction, we wish to apply ro-
bust control techniques to the control of the B2. A nec-
essary step in this process is to be able to characterize the
plant model. In this paper we only consider identification
where V,, = 0 and open-loop is stable (M rests below the
wheel axle). To this end, the following plan was executed

i. Characterize sensor and actuator gains.

ii. Identify wheels and drive train parameter with body
off the ground.

iii. Measure 1/0 open-loop transfer function of entire un-
loaded and passive stable vehicle on special test bed.

iv. Validate complete open-loop system model.

During the first validation iteration, it became evident that
the friction characteristics of the gearboxes played a signif-
icant role in the dynamic behavior of the vehicle. Conse-
quently, it was necessary to make a nonlinear identification
of the gear friction by the formula

BO)=71+Jb

The experiment was carried out by using a PID to regu-
late the speed of the wheel for constant speeds. Although a
constant open-loop torque might have been applied, it was
found that friction limited the ability to make very small
rotational speed measurements because of “stick-slip” ac-
tion. The basic experimental procedure for estimating the
friction at speed was taken from [7]. To identify the stic-
tion, or break-away torque, a method proposed by Arm-
strong [1] was used. Figure (3) shows friction speed curves
calculated from the described method. Repeatability of the
experiments was tested by remeasuring on different days
and temperatures and found to be withing 2.5% for the left
gearbox, and 5.3% for the right gearbox. With the excep-
tion of the gearbox friction, plant identification step ¢ — 4is

Stiction Friction ——————————»
2l \ : . B

Coloumb Friction

fop 1
z

2 i

Stribeck Friction \

_4l- il

) %/61 - -

—8F \ |

; ; ; ; ViSCOl‘JS Fricuon‘ ; ; ; ;
-2 -15 -1 -05 0 0.5 1 15 2 25

rad/sec

Figure 3: Measured friction model for the B2 Left mo-
tor (similar to right motor). As can be seen, the stic-
tion friction is approximately 7N — m, the Coulomb fric-
tion is about 4N — m, and the viscous friction is about
14N — m/rad/sec.

were completed and used to identify the model parameters
of Eq. (2). As a validation of the model, two tests were
conducted. The results of these experiments are shown in
Figures (4) and (5). In the Figure (4) an equal step in-
put torque is applied to both wheels which excites planar
motion in the plane of pendulum. In Figure (5) an equal
and opposite torque is applied to each wheel resulting in a
twisting motion.

We first consider the results of the planar validation. Ex-
amining the simulation and experimental trajectories, we
see there are both strengths and weaknesses in the identi-
fication. A particular strength of the model is its ability
to replicate the sudden arrest of the wheel encoder signals.
This occurs when the speed of the low inertia wheel de-
creases sufficiently for stiction friction to freeze the gear-
box. Once the gearbox locks 8 = ¢ and the encoder output
is zero. However, as seen in the gyroscope signal, the body
continues to oscillate. At this instant, the body-wheel sys-
tem is rocking back and forth on the wheel bottom where
the predominate form of damping being caused by wheel
rolling resistance 3;. Another strength of the model is its
ability to render a good approximation to the state ¢ which
is perpendicular to the excitation. The biggest weaknesses
of the model are attributable to a poor understanding of
gearbox and tire friction. In particular, gearbox friction
during high rate transients which manifests in the encoder
response being about as much as 15% actual values. While,
tire damping is responsible for the under damped character-
istic of the body-wheel system from 8 seconds on wards.
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Figure 4: Validation experiment planar of dynamics. From
top to bottom: Applied torque at each wheel n7,, (-) and
UTm) (-.), left wheel encoder . right wheel encoder Orws
1) gyroscope output, and ¢5 gyroscope output . Experimen-
tal values are shows as a solid line and simulation as dashed

(-)

Examining the twist validation experiment shown in
Figure (5) yields additional insights into the model qual-
ity. Comparing the left and right encoders, we see that the
left encoder shows an error of about 10% during transients
although overall magnitude and phase appear good, while
the right wheel is quite accurate for the entire period of the
experiment. Consequently, the predicted behavior along
¢ shows errors (recall that we have assumed qb(&lw, Orw))
corresponding to weaknesses in the left wheel model. The
most likely culprit is the gearbox friction which is difficult
to estimate and model accurately during transients. This is
further emphasized by the discrepancies between the sim-
ulation and experiment along . During a twisting motion,
besides inertial coupling, the body experiences a rotation
about v dependent on the instantaneous differences in the
left and right gearbox frictions. As can be seen, the model
and simulation have little correlation.

Opposing motor torques

I I I I
14 16 18 20 22

Possible overdamping in gearbox friction model

I I I I I I
8 10 12 14 16 18 20 22

Motion caused by differences between left/right ]

gearbo‘x friction. ) ) 4

16 18 20 22

14 16 18 20 22
time (sec)

Figure 5: Validation experiment of twist (right) dynamics.
From top to bottom: Applied torque at each wheel 57, (-)
and 97, ) (-.), left wheel encoder 6,.,, right wheel encoder
6,.,, ¥ gyroscope output, and ¢ gyroscope output . Exper-
imental values are shows as a solid line and simulation as
dashed (-.)

In the end, the two weakness in the model prediction
are due to tire damping and small differences in gearbox
friction. However, it is unlikely that these might ever be
modeled accurately. Furthermore, these errors represent
mismodeling of weak off-diagonal terms and are dwarfed
by the plant strong response of the diagonal terms. Thus,
overall the quality of the fit can be made argued to be good
since Figures (4) and (5) show strong agreement between
plant simulation and experimental system.

4 Conclusions

In summary, we have developed a sixth order dynamic
model of the B2 and dynamic and identified it experimen-
tally. As a result we now have a simulation which accu-
rately predicts the plant output trajectories and will allow
us to make quick progress in control synthesis. In the next
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phase of the project, we implement a simple LQR con-
trol. Although not ideal, this implementation allows us
to quickly access the closed loop performance of the sys-
tem. In particular, we are able to experiment with people
mounted on the vehicle. Thus, we can learn how significant
human mechanical properties (flexible modes) are to the
control problem. Furthermore, we are able to repeat these
experiments numerous times under different loads and con-
ditions providing a tool for building an uncertainty model
of the loaded B2. Therefore, from usage experience of the
LQR command, control design specifications are revised to
improve human-machine interaction.
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